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Radiation of waves in a medium by a uniformly moving source of given frequency ~2 is characterized by 
the Doppler effect [ l ] ,  the shift of the frequency of the waves being radiated as compared with the frequency 
of the source. In the case ~ = 0, the radiation phenomenon takes the form of the Vavilov-Cerenkov effect [2] 
and is possible only under the condition that the velocity of source motion exceeds the least phase velocity of 
wave propagation in the medium [3]. 

The phenomena mentioned are studied in sufficient detail in application to electrodynamic systems [4, 5"]. 
For elastic systems, where a moving local field of deformation caused, say, by the effect of a mobile load can 
be the source, such phenomena have singularities, even in the one-dimensional case, due to the specifics of 
elastic wave dispersion. The study of these singularities acquires special importance because of the need to 
solve questions of vibration excitation in application to a broad circle of technical systems and apparatus: 
power transmissions with flexible couplings, tape drive and rewind mechanisms [6], rope lifts, the rolling and 
extrusion of wires [7], etc. 

Regimes of wave excitation by a moving vibrating fastening are examined in this paper in an example on 
the bending vibrations of a rod. 

Let us consider a homogeneous infinite rod along which a bushing moves at a constant velocity v to per- 
form a turning motion with frequency ~2 relative to the center of gravity. The bending vibrations of a rod 
U (x, t) in the approximation of engineering theory [8 ] are described by the equation 

U u §  a~U,~,:,::~ = 0 (1) 

with the cond i t ions  on the mov ing  s u p p o r t  

UI . . . .  t = 0, U~l~=-~t = 0 cos ~2t~ (2) 

w h e r e  ~2 = fi/o; fi i s  the bend ing  s t i f f n e s s  coe f f i c i en t ;  o,  l i n e a r  d e n s i t y  of  the rod;  and 0, a m p l i t u d e  of  bush ing  
v i b r a t i o n s .  

A s s u m i n g  the p r o c e s s  of  bend ing  v i b r a t i o n  e x c i t a t i o n  s t e a d y ,  we s e e k  the so lu t i on  of  the  p r o b l e m  (1) ,  
(2) to the l e f t  (Domain  I) and r i g h t  (Domain  II, s ee  Fig .  1) of the  b o u n d a r y  x = - v t  in the f o r m  of  the t r a v e l i n g  
waves  

I,iIU(x$ t) i.IIA 6os (I,IIc0t -~ I 'IIkz + i,ii(~) , 
= (3) 

w h e r e  a m o n g  the p o s s i b l e  s o l u t i o n s  (3) we sha l l  c o n s i d e r  those  p h y s i c a l l y  r e a l i z a b l e  which  c o r r e s p o n d  to 
l i m i t e d  d e f l e c t i o n s  a t  in f in i ty  and s a t i s f y  the M a n d e l s h t a m  r a d i a t i o n  cond i t ion  [9] ,  i . e . ,  r e m o v e  e n e r g y  f r o m  
the s o u r c e .  

The f r e q u e n c i e s  and wave  n u m b e r s  of  the r a d i a t e d  waves  a r e  d e t e r m i n e d  f r o m  the equa t ion  

--coK + cz~k ~ = 0,: o) ~-  v k  = ff~,~ ( 4 )  

w h e r e  the f i r s t  d e t e r m i n e s  the d i s p e r s i o n  p r o p e r t i e s  of  the  s y s t e m ,  whi le  the s e c o n d  e x p r e s s e s  e q u a l i t y  of  the 
p h a s e  of the  waves  (3) to the p h a s e  of the s o u r c e  v i b r a t i o n s  fo r  x = - v t .  

Le t  us  f i r s t  e x a m i n e  the c a s e  of r a d i a t i o n  by  a c o n s t a n t  s o u r c e ,  i . e . ,  by  a s o u r c e  w h o s e  f r e q u e n c y  equa l s  
z e r o  (~2 = 0) .  D e t e r m i n i n g  the wave  n u m b e r s  and f r e q u e n c i e s  f r o m  (4) ,  a s  we l l  a s  the  a m p l i t u d e s  of  the  v i b r a -  
t ions  be ing  e x c i t e d ,  we ob ta in  the fo l lowing  so lu t i on  f r o m  ( 2 ) :  

W(x, t) = (0a/v) cos (eWe + vxla ~ ~12), tIU. ('X,. t) = O. 
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aC =-I)'~ a~ 

Fig. 1 

It is  a wave r e m o v i n g  e n e r g y  at  the ra te  Vb = 2v, v b = dw/dk in  the d i r e c t i o n  of b o u n d a r y  mot ion  - x .  The ap -  
p e a r a n c e  of such wave is  caused ,  due to the V a v i l 0 v - C e r e n k o v  effect,  by r ad i a t i on  of the e n e r g y  of a c o n s t a n t  
moving d e f o r m a t i o n  f ield due to a s ta t ic  bend ing  m o m e n t  on the b o u n d a r y  x = - v t .  The s i n g u l a r i t y  in the ap-  
p e a r a n c e  of this  effect  is  e x p r e s s e d  by the fact  that  the r a d i a t i on  se t s  in for  an  a r b i t r a r i l y  low ve loc i ty  of 
source  mot ion  s ince  the l e a s t  phase  ve loc i ty  of bending  wave p ropaga t ion  for  this  mode l  of a rod is zero .  

In the ca se  of a pe r iod ic  s o u r c e  ~2 r 0, by so lv ing  (4) we se l ec t  j u s t  those p a i r s  of va lues  of ~ and k to 
which phys i ca l ly  r e a l i z a b l e  so lu t ions  (3) will  c o r r e s p o n d :  

~]~ + ~ + 1 / ~  + ~ + 2 + ~ V 2 + ~ _~ 2 ~  
1,2 : 2a ' Ia)~,2 - -  ' 2~  ' ( 5 )  

1,2 = - 2g ' (I)1'2 = - 2a " 

It follows f r o m  (5) that  the v ib r a t i on  r ad i a t i on  p r o c e s s  is c h a r a c t e r i z e d  by two qua l i t a t i ve ly  d i s t i nc t  r e -  

g imes  depending  on the va lue  of v. 

F o r  ve loc i t i e s  v < 2 a ~ - ' ~  the so lu t ion  (3) has the f o r m  

�9 [ (  --0~z v 2 -]- v l/rw -}- 4ctQ -}- 2c~Q t --~ 2cr , ] ,u(z,t)=~ui+,u,~_ ( 2 + ~ y ; _ r 4 E ~ + 2 . ~ ) , ~  oos 2. 

- -  eXp 4a~ - -  v~)l/~.. (x -]- vt) cos 2 ~  -- v 2 t - -  ~da 
2a 2zr 

= U m  ~- (v ~ v Yv-~-~ 4cr -}- 2aQ)!/'z cos .\, - 2c~ : 2ct 

. ~ . r2v+(v2+4~a)11~l ~i arct [2v--(v2-~-4aQ)i/21 " " where  e = arc~g | - - ~ ] ;  . qD = g / - - ~ ~ ] ' J  ano is w u r  waves ,  two to the lef t  and two to 

the r ight  o f t h e  sou rce  fUi,2-and ~ IIU1,2. Two have c o n s t a n t  ampl i tude  and r e m o v e  e n e r g y  f r o m  the source  at  

the r a t e s  

in  the d i r e c t i o n s  "~x, r e spec t i ve ly .  The o the r  two waves do not  take p a r t  in  the e n e r g y  t r a n s f e r  s ince  t he i r  
group ve loc i t i e s  ag ree  in modulus  and d i r e c t i o n  with v while the ampl i tudes  tend to ze ro  as x ~ T oo. These  
inhomogeneous  waves a r e  local  c h a r a c t e r i s t i c s  of the sou rce  for  r ad ia t ion .  

This  r e g i m e  is  qua l i t a t i ve ly  not  d i f f e ren t  f rom the r a d i a t i on  r e g i m e  of a fixed s o u r c e  v = 0. A c c o rd ing  
to the Doppler  effect,  the mot ion  j u s t  r e s u l t s  in a change in the spa t i a l  c h a r a c t e r i s t i c s  and the f r e q u e n c i e s  of 
the r ad ia ted  waves.  By ca l cu la t ing  the e n e r g y  dens i ty  ave raged  with r e s p e c t  to the per iod  ~ = 1/2 (~U~ + flu 2 )  
and the e n e r g y  flux dens i ty  S = ~v b of these  waves ,  it can be shown that the r a d i a t i on  p r o c e s s  is c h a r a c t e r i z e d  

by the following ad iaba t i c  i n v a r i a n t s  

z~ i i%1 i02"~ Is.___A__ ~ Hs~ 

Let us note that  ana logous  i n v a r i a n t s  a r e  a lso  sa t i s f i ed  in the ease  of a double Doppler  effect  [ 10, 11 ]. 

Fo r  v > 2 4 a n  the so lu t ion  (3) is a l so  the supe r pos i t i on  of four  waves  f r o m  the sou rce  to the lef t  and 

r ight ,  r e s p e c t i v e l y :  

! U  (x,  t) = I U  1 --~ IV~ = - -  2~Z0 
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X COS' v2 -4- v ] ) r ~  ~- 2aQ t 4 
, 2 ~  2 ~  x _ -~ -~ 

-t" cos ( V~ q- v ] f '~  " 4ccQ ~- 2 ~ t  2[ - v + ] /  v~ - 4a~ ~ ) ] 
2r 2a x - -  -~ ,i 

IIU (X, t) = I Iu  1 q- I I U 2  ' ' - -  2aO 
2v -- (v ~ + 4~)  ~/2 - (v'~ - 4~)~/2 x 

Each  of the waves has a c o n s t a n t  ampl i tude  and takes  p a r t  in e n e r g y  t r a n s f e r .  The waves IU1, 2 r e m o v e  e n e r g y  
in  the d i r e c t i o n  - x  with the ve loc i t i e s  

while the o the r  two waves  r e m o v e  e n e r g y  in the opposi te  d i r e c t i o n  f r o m  the s o u r c e  a t  the ve loc i ty  

IIVb~,~ = v - -  ]/rv~4-4aQ. "- 

In this  case  the r ad i a t i on  s i n g u l a r i t y  is  that  in  addi t ion  to the waves  I, I Iu 1 two o ther  waves  I, I Iu  2 a r e  
s t i l l  r ad i a t ed  which a r e  long the local  c h a r a c t e r i s t i c  of the sou rce  for  low ve loc i t i e s  v < 2 ~ / ~ .  This  is be -  
cause  r ad i a t i on  of " a d d i t i o n a P '  e n e r g y  (because  of the s o u r c e  mot ion)  b e c o m e s  pos s ib l e  s t a r t i n g  with s o u r c e  
ve loc i t i e s  exceed ing  a c e r t a i n  va lue  v = 2 ~ a ~ ,  by m e a n s  of t r a v e l i n g  waves of the s a m e  kind as  o c c u r s  in the 
case  of the V a v i l o v - C e r e n k o v  effect ,  

Let  us note  that  the r e s u l t s  p r e s e n t e d  r e m a i n  val id  even  for  a fixed s o u r c e  bu t  a moving  med ium.  This  
p e r m i t s  o b s e r v a t i o n  of the men t ioned  r ad i a t i o n  r e g i m e s  in  s imp le  t echn ica l  s y s t e m s ,  for  i n s t ance  in power  
t r a n s m i s s i o n s  with f lex ib le  coupl ing.  

Thus,  V a v i l o v - C e r e n k o  r ad i a t i on  was obse rved  when drawing  a c i r c u l a r  r u b b e r  rod through a fixed sup -  
por t ,  for  which a f l uo rop la s t i e  w a s h e r  was used  which had an  i n n e r  d i a m e t e r  of the s a m e  d i a m e t e r  as the rod 
d. The s lope needed with r e s p e c t  to such  a b o u n d a r y  was a s s u r e d  both by  the def lec t ion  of the rod u n d e r  the 
effect  of g r a v i t y  and u n d e r  the effect  of cen t r i fuga l  fo rces  o r ig ina t i ng  dur ing  the drawing.  The rod used  in  the 
e x p e r i m e n t  had the fol lowing p a r a m e t e r s :  l = 96 cm,  p = 0.45 g / c m ,  d = 0.8 cm,  T = 1 -1 .5 .  106 dyne,  fi = 
381478.88 d y n e .  em 2, where  I is the length  of the work ing  por t ion  of the rod,  and T is  the longidudina l  t en s i l e  
force  of the rod. The ra te  of d rawing  v a r i e d  be tween  0 and 19 m / s e e .  

S ta r t ing  with the ve loc i t i e s  v > c 0, where  c o = ~ / T / 0  i s  the l e a s t  phase  ve loc i ty  of wave propaga t ion ,  the 
exc i ta t ion  of t r a n s v e r s e  v i b r a t i o n s  whose spa t i a l  pe r iod  d i m i n i s h e d  as  v grew,  was obse rved  in the rod.  Thus  
for T = 1,454,047.6 dynes  a n d v =  1817 c m / s e e ,  we have X = 21.3 cm (Fig.  2), which with no t  m o r e  than 5~c e r -  

Fig.  2 
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ror, differs from the theoretical results. If the spatial period of the waves were multiplied by twice the length 
of the working section 21 = kN (N = I, 2, 3,...), then the vibration amplitude would be greatest because of the 
resonance properties of the system. 

In conclusion, let us note that since a definite frequency of the vibrations being excited corresponds to 
each value of v in the regimes mentioned, then excitation of vibrations with a broad spectrum is apparently 
possible for nonuniform source motion similarly to how the double Doppler effect results in pulse generation 
[ 12] under periodic boundary motion. 

The authors are grateful to A. I. Besnitskii for proposing the idea, discussions, and remarks. 
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